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The flow past a screen composed of periodic slats in a plane is studied. The method of eigenfunction
expansions and point match is used to solve the Darcy-Brinkman equations. The velocities, pressures and
resistances are determined for the flow in three orthogonal directions. Aside from screen geometry, the
flow is governed by a porous media parameter k which is zero for pure viscous flow. The fundamental
case for the flow over a single slat is then extrapolated. It is found that for k = 0 the Stokes paradox
occurs and the drag rises singularly as k is increased from zero.
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1. Introduction

The flow past a screen is important in biological membrane
and industrial filtering processes. Due to the small velocity in the
crevices, the inertial effects can be ignored and creeping flow as-
sumptions are valid. Analytical solutions are difficult for viscous
flow even in the Stokes limit. For thin screens with negligible
thickness, Roscoe [1] used an electrostatic potential method to
solve for the Stokes flow through an elliptic hole. Roscoe’s trans-
form was applied to the slow viscous flow through periodic two-
dimensional slits by Hasimoto [2], who was able to express the
solution in closed form. Wang [3] used the Roscoe transform semi-
analytically for the solution to viscous flow through an array of
holes.

In this paper we are concerned with the flow past a thin screen
embedded in a porous medium. We shall see later that there are
some fundamental differences between Darcy-Brinkman flow and
Stokes flow.

The flow in a porous medium is traditionally approximated by
the Darcy equation, where the mean velocity is proportional to the
pressure gradient, resulting in potential flow. Brinkman added a
viscous term so that the no slip condition on solid surfaces can be
applied. The Darcy-Brinkman equation is [4-6]

Vp/zuevza—ﬁa 1)
K

where p’ is the pressure, u, is the effective viscosity of the ma-

trix, U is the velocity vector, w is the viscosity of the fluid, and K

is the permeability. This equation is well accepted for porous me-

dia of high porosity such as fiberglass wool. The Darcy-Brinkman
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equation reduces to Darcy equation when K — 0 and to the Stokes
equation when K — oo. In both limits the problem can be simpli-
fied by a velocity potential.

However, for the general Darcy-Brinkman equation, all potential
methods fail. We shall use semi-analytic eigenfunction expansions
and point match to solve the problem.

Since Eq. (1) is linear, any uniform flow towards a screen can
be separated into three independent flows: the flow normal to a
screen (Fig. 1(a)), the flow parallel to a screen but still normal
to the slats (Fig. 1(b)) and the parallel flow parallel to the slats
(Fig. 1(c)). In each case the flow is two dimensional, i.e. depends
on x, y directions only. Note that if the Darcy equation is used in
the last two cases, the screen would have no effect on the flow.

2. The flow normal to the screen

The top of Fig. 1(a) shows the two-dimensional thin screen.
The width of the slats is 2L and the period is 2bL. Cartesian axes
are placed at the middle of a slat as shown. We normalize all
lengths by L, velocities by the velocity at infinity U, the pres-
sure by weU/L. For the flow normal to the screen, the normalized
cross section is shown at the bottom of Fig. 1(a). Define a stream
function ¥ normalized by UL which satisfies continuity, where the
Cartesian velocity components are (yy, —x). Eq. (1) then becomes

px=V2yy —k*yy, )
Py = =V + Ky 3)
where
L2
2=t (4)
ek
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Fig. 1. The top figures show the three orthogonal flow directions across the screen. The bottom figures are the cross sections of each case. (a) The flow is normal to the
screen. The mean flow is in the x direction. Some streamlines are shown in the cross section. (b) The flow is parallel to the screen, but normal to the slats. The mean flow
is in the —y direction. Streamlines are shown. (c) Parallel flow is parallel to the slats. The flow is in the z direction. Constant velocity lines are shown. (d) Coordinates in the

vicinity of an edge.

is an important non-dimensional parameter characterizing the
porous medium. Eliminating pressure from Egs. (2), (3) yields
V2(V2 - k) =0. (5)
Due to symmetry, we need to consider only the strip x > 0, 0 <
y < b which is our computational domain. The symmetry bound-
ary conditions are

¥v=0, ¥yy=0 ony=0, (6)
Yv=b, ¥yy,=0 ony=b, (7)
Yx=0, Yux=0 onx=0, 1<y<bh. (8a,b)
The no-slip boundary condition is

Yx=0, ¥=0 onx=0,0<y<l. (9a,b)

At infinity the flow is uniform, such that v, = 1. The solution to
Eqgs. (5)-(7), (8a), (9a) is

Qn
Voi + k2

where o, =nm /b and A, are coefficients to be determined. The
remaining boundary conditions are satisfied by point match. Trun-
cate the series to N terms and consider N equally-spaced points
yj=b(j—.5)/N, j=1,...,N. Then Eq. (8b) becomes

Y=y+ Z Ay sin(otny) <e’°‘”" - (10)

n=1

e*\/a§+k2x>

N

ZAnsin(oznyj)oen:O, 1<y;j<b. (11)

n=1

Eq. (9b) yields

N . On

ZAnsm(anyj) - ——=—)=-yj, 0<yj<l (12)
vag +k?

n=1

From Egs. (11), (12) the coefficients A, are inverted. Convergence
is fairly fast. In general N =100 is adequate for a three figure ac-
curacy in ¥. From Egs. (2), (3) pressure is integrated to be

N
p=—k>x+Kk? Z Ay cos(ay)e % 4 c.
1

(13)

The integration constant c is determined by setting the average
pressure at x=0, 1 < y <b to zero. Thus

N .
sinay,
DA
(07
1 n

Typical streamlines are shown in Fig. 2(a) and the corresponding
pressure distribution is shown in Fig. 2(b). Note the convergence
of the pressure lines at the edge of the slat. Such singularity
in pressure is analyzed in Section 5. The value Ap = |2c| also
represents the additional pressure loss due to the screen. Fig. 3
shows for given spacing b, Ap rises with the porous parameter k.
When k — 0, the pressure drop approaches that predicted by Hasi-
moto [2]

k2
b—-1

c= (14)

_ 2m /b
P = Tnfcos((b = Dr /2011

Our computed numerical values from Eq. (14) agrees with those of
Eq. (15) as k — 0.

Of interest is the force on a single slat, which can be isolated by
increasing the distance b. Both consideration of momentum differ-
ence and integration of pressure difference on a single slat shows
the (drag) force is D = 2bAp. Since it is not possible to use b = oo
in our computation, the single slat or plate problem is approached
as follows. Assuming for large b

(15)

D~ag+aj/b>+---. (16)

For given k we compute D for large b using an N which guarantees
at least 10 collocation points on the slat (up to N = 2000). Then
D is plotted against 1/b? for various b. A typical result is shown
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Fig. 2. (a) Typical streamlines for flow normal to screen (see Fig. 1(a)). b =2, k = 1. (b) The corresponding pressure distribution. The thick line at the left side is half of a slat,
with normalized length of one. The computational domain is x > 0, 0 < y < b=2. Only 1/4 of a period is shown.

60 0122

Fig. 3. The additional pressure loss due to the screen. Circles are Stokes flow results from Eq. (15) or [2].

Table 1 3. The flow parallel to the screen and normal to the slats

Drag due to flow normal to a single slat

k 0 0.1 0.2 0.5 1 2 35 5 Fig. 1(b) shows uniform flow parallel to the plane of the screen.

D 0 515 6.60 1.0 195 413 6.2 146. The governing equation is still Eq. (5). At large x we need ¥y =1
and the other boundary conditions are

in the inset of Fig. 4 for k = 1. The values for drag from b =6 to Yy =0, ¥y, =0 ony=0, (17)

b =20 seem to lie in a straight line, which gives credence to the

form of Eq. (16). Extrapolation to b — oo yields D = 19.52 for a Yy =0, Yyy=0 ony=b, (18)

single slat. Similarly, the drag for other k values are obtained, and ¥ =0,

plotted in Fig. 4. Since the drag on a single slat is fundamental,

some numerical values are given in Table 1. ¥=0, Yx=0 onx=0 0<y<Il (20a,b)
The drag is zero for k = 0 or Stokes flow, which can also be The solution to Egs. (5), (17), (18), (19a), (20a) is

seen from Eq. (15). The singular rise with k is similar to the drag ~

of a circular cylinder, for which Stokes flow does not exist (see v =x+ ZB" cos(any) (e _e*\/‘Wx)

Appendix A on the Stokes paradox).

Yxx=0 onx=0, 1<y<bh, (19a,b)

(21)
n=0
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Fig. 4. Drag force due to normal flow on a single slat. Note singular rise near k = 0.
are b=5,6,7,10, 20.

Egs. (19b), (20b) then yield the collocation conditions

N-1
ZBncos(anyj):O, 1<yj<bh, (22)
n=0
N-1
> " Bacos(any)(om —y/od +k2) =1, 0<yj<1. (23)
n=0

The coefficients B, are inverted as before. The pressure is
N-1
p=k*y —k* Z By sin(ogy)e ™%, (24)
0

Typical streamlines and pressure distribution are shown in Fig. 5.
The force on the slat is due solely to shear stress. Using the stream
function to obtain shear, we find

N-1 .
sSin
D=_’<2<BO+ZBH : a"). (25)
1

On

The drag is plotted in Fig. 6. The drag rises with k, but is lower
when the slats are close together, opposite to the case when the
flow is normal. In fact, when there are no gaps (b = 1), the screen
becomes a single plate with the parallel velocity distribution

v=—(1—-e*). (26)

The shear drag for a segment of length 2 is thus D = 4k. The drag
is zero when k = 0, confirming the Stokes paradox for the steady
parallel flow over an infinite plate. The drag for a single slat is
extrapolated from b — oo values. Table 2 shows some numerical
values.

The inset shows typical extrapolation to b — oo for k = 1. Form right, the small circles

Table 2
Drag due to flow parallel but transverse to a single slat

k 0 0.1 0.2 0.5 1 2 3.5 5
D 0 343 4.20 6.07 8.59 13.16 19.66 26.01

4. Longitudinal parallel flow

Fig. 1(c) shows the flow is longitudinal along the slats. Let w
be the velocity in the z direction, uniform at infinity, driven by a
constant pressure gradient. The governing equation is

(V2 — k2w = —k? (27)

where w is zero on the slats. The solution which is symmetrical at
y=0and y=bis

N-1
w=1+ Z Cn cos(ocny)e—vahkz& (28)

0

At x =0 the boundary conditions are w =0 when 0 <y < 1, and
wx=0when 1 <y<b, or

N—1
Z Cny/ a2 + k2 cos(anyj) =0, 1<y;<b, (29)
n=0
N-1
> Cacos(onyj)=—1, 0<yj<1. (30)

n=0
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Fig. 5. (a) Typical streamlines for flow parallel to screen, but normal to the slats (see Fig. 1(b)). b= 2, k= 1. (b) The corresponding pressure distribution. Other explanations

are similar to those of Fig. 2.
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Fig. 6. Drag force per slat for flow parallel to the screen. Form bottom: b =
1,1.2,1.5,2,10, 00. For a continuous plate, b =1 and D = 4k. The b = oo curve
is the force on a single slat.

Table 3

Drag due to parallel flow along a single slat

k 0 0.1 0.2 0.5 1 2 35 5
D 0 2.01 2.56 3.91 5.95 9.95 15.9 21.9

The coefficient C, in Egs. (29), (30) are solved for j=1,...,N.
Fig. 7 shows typical constant velocity lines. The force on the slat is
solely due to shear. We find

N-1 :
sin(ay)

n=1 n

The result is plotted in Fig. 8. Again when b =1 (continuous plate)
the drag is D = 4k. The extrapolated b — oo (single slat) value
shows singular rise from zero. Some values are given in Table 3.

20

e

Fig. 7. Typical constant velocity lines for parallel flow parallel to the slats (see
Fig. 1(c)). b =2, k = 1. Other explanations are similar to those of Fig. 2.

5. Edge singularity

Consider the top edge of a slat and attach cylindrical coordi-
nates (r,0) as shown in Fig. 1(d). In the vicinity very close to the
tip r is very small and Eq. (5) reduces to the biharmonic equation

Vi =0. (32)
The general solution is (e.g. [7])
r*{sin(A6), cos(18), sin[ (A — 2)A], cos[(A — 2)6]},
A#£0,1,2,

¥ =1 {1,6,sin(20), cos(20)}, A=0, (33)
r{sinf, cos6,6sind,Hcosb}, A=1,
r2{1,0, sin(20), cos(20)}, A =2.

For the flow normal to the screen, v is even in 0, thus
Y =1"{cy cos(A8) + ¢z cos[(x — 2)8]}. (34)

Applying the no slip boundary conditions ¥ (r,7) = 0 and
Yg(r,m) =0 yield either ¢c; + c; =0 and A an integer, or Acy +
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Fig. 8. Drag per slat for parallel flow parallel to the slats. Form bottom: b =
1,1.2,2,5, 0. For a continuous plate, b =1 and D = 4k. The b = oo curve is the
force on a single slat.

(A—=2)c2=0and A =1/2,3/2,5/2,.... Now for bounded veloc-
ity at the origin, A > 1. If A =1 the solution is found to be trivial.
Thus the lowest (most important) power is A = 3/2. The dominant
term is then

¥ ~1*/?[cos(36/2) + 3 cos(6/2)]. (35)

The velocity is then proportional to /2 which is bounded. The
pressure, being proportional to r~1/2, has a weak singularity. The
drag or the integral of pressure, proportional to r'/2 is non-
singular.

Next consider the flow parallel to the screen and normal to the
slats as in Fig. 1(b). In this case ¢ is odd in 6

¥ =r*{c1 sin(A0) + ¢z sin[ (. — 2)0]}. =)

Applying the no slip conditions yield either Acy + (A — 2)c; =0
and A an integer, or ¢ +¢c2 =0 and A =1/2,3/2,5/2,.... Again
we find the lowest power is A =3/2 and

¥ ~r/?[sin(36/2) + sin(9/2)]. (37)

The singular nature is similar to the previous case.
For parallel flow parallel to the slats, in the vicinity of the ori-
gin, Eq. (27) becomes the harmonic

V2w =0. (38)
The even solution is
w = cqr* cos(16). (39)

The boundary condition w(r, ) =0 yields A =1/2,3/2,5/2,....
Since for bounded velocity A > 0 the dominant term is

w ~ 172 cos(6/2). (40)

Only the shear stress has a r—1/2

bounded.
We conclude edge singularities have little effect on our compu-
tation of flow and drag force.

singularity. The shear drag is

6. Discussions and conclusion

The flow through a porous medium is governed by the im-
portant parameter k. It is close to the inverse square root of the

Darcy number. For materials such as sand or gravel, k could be
very large, while for materials with high porosity (for which the
Darcy-Brinkman equations is more suitable), k could be as low as
0.001 (e.g. fiberglass wool).

Unlike the Stokes equation, the Darcy-Brinkman equation is
not amenable to the Roscoe transform or complex transforms. Our
method of eigenfunction expansions is efficient except when b is
close to one or very large.

For the same screen geometry, the resistance is highest for
the flow normal to the screen, and lowest for the parallel flow
along the slat direction. When the gap between the slats diminish
(b — 1) the resistance becomes infinite for the flow normal to the
screen, while in the other two directions the drag per slat is 4k.

The drag force on a single slat is of fundamental importance,
and determined here for the first time. As in the case of the flow
over a circular cylinder (Appendix A), the Stokes paradox (non-
existence of a solution) occurs for the single slat when k = 0.
From the circular cylinder results one may infer the following for
all cylinders, including the single slat. The drag is zero for k=0
and increases singularly from zero as 1/|Ink|. For large k, the drag
due to the flow across a cylinder is proportional to k? for large k,
while in the other two orthogonal directions the drag is propor-
tional to k.

Appendix A. Stokes paradox

The non-existence for Stokes flow over a two dimensional cylin-
der (Stokes paradox) is well known. We study whether the Stoke
paradox persists for Darcy-Brinkman flow, which in the limit of
k — 0 is Stokes flow. The only exact solution is for the flow over
a circular cylinder. In cylindrical coordinates (r,#) Eq. (5) has the
solution

2K1 (k) ) 1 2

=sinf|r—|(1 — Ky(kr)|. Al
v [ ( kot ) 7 T koo €1 )] (A1)
The stream function gives uniform flow at infinity, and no slip on
the cylinder at r = 1. This solution becomes zero as k — 0, con-
firming the Stokes paradox. However, the flow exists for k small

but non-zero. The pressure is integrated to be

2K1(k)\ 1
kKo (k) > F]' (A.2)

p:po—kzcose[r—l—(l—i—

The pressure drag is

K1 (k)
D, =2mk*(1 ) A3
p =T ( +k1<g(k)> (A3)
The shear drag is
kK1 (k)
Ds=2 . A4
ST R0l (A4)
The total force on the cylinder is thus
2kK1 (k)
D=2m(k ) A5
”( " Ko ) (A5

Expanding the Bessel functions [8] we find for large k, the force is
asymptotically

D ~27k? + 4k + - - - (A.6)
while for small k
4
~_— 4. (A7)
| Ink|

which rises singularly as k is increased from zero. We expect sim-
ilar singular behavior exists for the Darcy-Brinkman flow over a
single plate as well.
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For longitudinal flow along a cylinder, Eq. (27) gives

_q Ko (kr)
- Ko(k)
The drag is due solely to shear
kK (k)
T .
Ko(k)

For large k

D ~2mk+0(1).
As k — 0 we find

27
| Ink|

~

which also rises singularly from zero.

(A.8)

(A10)

(A11)
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